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CN| ' Abstract 

^ ' Let (si, . . . ,Sr) be the complete r-partite graph with parts of size si > 2,S2, ■ ■ ■ , s 

I— I. with an edge added to the first part. Letting tr (n) be the number of edges of the r-partite 

' Turan graph of order n, we prove that: 

(A) For all r > 2 and all sufficiently small e > 0, every graph of sufficiently large order n 

^ : with U in) + 1 edges contams a ([clnnj , . . . , [clnnj , \n^-V^]) . 

^ ' (B) For all r > 2, there exists c > such that every graph of sufficiently large order n with 

^ S ^ . tr (n) + 1 edges contains a K:^ ([clnnj , . . . , [clnnj) . 

I These assertions extend results of Erdos from 1963. 

CN ■ We also give corresponding stability results 

^ ! 

' Keywords: clique; r-partite graph; stability, Turdn's theorem 

m ■ 

^ ; 1 Introduction 

o ; 

, This note is part of an ongoing project aiming to renovate some classical results in extremal graph 

; theory, see, e.g., [3]. [TlfTO]. 
. ^ ' Let ty. in) be the number of edges of the r-partite Turan graph of order n. Turan's theorem 

^ implies that every graph on n vertices with t^. (n) -|- 1 edges contains a K^+i) the complete graph of 

■ order r + 1. Thus, it is natural to ask: 

Which supergraphs of K^+i are present in graphs on n vertices with tr (n) + 1 edges? 

A partial answer to this question was stated by Erdos in [3] and proved in [6], Theorem 1: 

Let K:^ (si, . . . , Sr) be the complete r-partite graph with parts of size Si > 2, $2, ... , Sr with an 
edge added to the first part. For all s > 2, every graph of sufficiently large order n with tr (n) + 1 
edges contains a (s, . . . , s) . 

For r = 2, Erdos [1] gave a stronger result: 

For all sufficiently small e > 0, every graph of sufficiently large order n with t2 (n) + 1 edges 
contains a K2 ([c In raj , [ra-*^^^]) for some c > 0, independent of n. 

We extend these two results as follows. 
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Theorem 1 Let r > 2, 2/ Inn < c < r Qj^d G be a graph of order n. If G has tj. (n) + 1 

edges, then G contains a ([clnnj , . . . , [clnnj , [n-*^"^]) . 

Here is a simpler version of this assertion. 

Theorem 2 Let r > 2, c = r~'^'^^'^^'^'^^^\ n > e^l'^ , and G be a graph of order n. If G has t^ (n) + 1 
edges, then G contains a ( [c In nj , . . . , [c In raj ) . 

Theorems [1] and [2] have corresponding stability results. 

Theorem 3 Let r > 2, 2/ Inn < c < r-^^+'^^^''+^^ /2, < a < r ®/8, and G be a graph of order n. 
If G has \{1 — 1/r — a)n^ /2~\ edges, then G satisfies one of the conditions: 
(i) G contains a K:^ ([clnnj , . . . , [clnnj , ["n-*^"^^]) ; 

(a) G contains an induced r -partite subgraph Gq of order at least (l — \/2a) n and with minimum 
degree 5 (Go) > (l - 1/r - 2\/2a) n. 

Theorem 4 Let r > 2, c = r^'^^'+'^^(^'+^y2, < a < r~^/8, n > , and G be a graph of order n. 
If G has \{\ — 1/r — a)r? j2\ edges, then G satisfies one of the conditions: 
(i) G contains a K:^ ([clnnJ , . . . , [clnnJ) ; 

(a) G contains an induced r -partite subgraph Gq of order at least (l — \/2aj n and with minimum 
degree 6 (Gq) > (l - 1/r - 2^/2a) n. 

Remarks 

- The relations between c and n in Theorems [H and [3] need some explanation. First, for fixed c, 
they show how large must be n to get valid conclusions. But, in fact, the relations are subtler, 
for c itself may depend on n, e.g., letting c = 1/ In Inn, the conclusions are meaningful for 
sufficiently large n. 

- Note that, in Theorems [1] and [3], if the conclusion holds for some c, it holds also for < c' < c, 
provided n is sufficiently large. 

- The stability conditions in Theorems [3] and H] are stronger than the conditions in the stability 
theorems of [5], [11] and [8]. Indeed, condition (ii) implies that Gq is an induced, almost 
balanced, and almost complete r-partite graph containing almost all the vertices of G; 

- The exponents 1 — ^/c and 1 — 2^/c in Theorems [H and [3] are far from the best ones, but are 
simple. 

In our proofs we apply the following two technical statements, which may be useful elsewhere. 

Lemma 5 Let 0<a<l, l<clnn< am/ 2 + 1, and let F be a bipartite graph with parts A and 
B of size m and n. If e (F) > amn, then F contains a K2 (s, t) with parts S d A and T G B such 
that \S\ = [clnnJ and |T| = t > n^-^iri^/^ 
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Theorem 6 Let r > 2, 2/ Inn < c < r ('^+^^^ and G be a graph G of order n. If G contains a Kr+i 
and has minimum degree 6 (G) > (1 — 1/r — n, then G contains a 

^ [c In raj , . . . , [c In raj , 

The next section contains notation and resuhs needed to prove the theorems. The proofs are 
presented in Section [31 
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2 Preliminary results 

Our notation follows [2J; given a graph G, we write: 

- V (G) for the vertex set of G and |G| for \V {G)\ ; 

- E (G) for the edge set of G and e (G) for \E {G)\ ; 

- r [u) for the set of neighbors of a vertex u and d (u) for |r {u) \ ; 

- S (G) for the minimum degree of G; 

- G[U] for the subgraph of G induced hj a. set U C V (G) ; 

- H + u for G[V (H) U {u}] , where H C G is a. subgraph and u eV (G) ; 

- Kr (G) for the set of r-cliques of G and kr (G) for \Kr (G)| ; 

- Kg (M) for the set of s-cliques contained in members of a set M C Kr (G) ; 

- Kr [si, . . . ,Sr) for the complete r-partite graph with parts of size si, . . . , Sr- 

An r-joint of size t is the union of t distinct r-cliques sharing an edge. Write jsr (G) for the 
maximum size of an r-joint in G. 

Given a set M C Kr (G) , we say that M covers a subgraph H G G, if E (H) C K2 (M). 
The following facts play crucial roles in our proofs. 
Fact 7 ([3j, Lemma 1) Let r > 2 and c > 0, and G be a graph of order n. If 

e(G) > (1 - l/r + c)nV2, 

then 

r" n 

kr+l (G) > C—- - 

r + 1 V ; 



r^ /ra\''+i 



□ 



Fact 8 ([3j, Lemma 6) Let r > 2, and G be a graph of order n. If G contains a Kr+i o,nd 
5 (G) > (1 - 1/r - n, then jsr+i (G) > n'-^/r'-+^. □ 

Fact 9 (|[3j, Theorem 7) Let r > 2, n > , and G be a graph of order n. If e (G) > tr {n) , then 
G has an induced subgraph G' of order n' > (1 — 1/r^) ra, such that either 

»(G')>(^ + ;7^)("f (1) 

or 

Kr+i C G', and 5 (G') > (l - 1/r - n'. (2) 

□ 
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Fact 10 ([7], Theorem 1) Let r > 2, a'"lnn > 1, and G be a graph of order n. Every set 
M C Kr (G) satisfying \M\ > an''' covers a (s, . . . s, t) with s = \_a^ lnn\ and t > n^~°''^ . □ 

3 Proofs 

Proof of Lemma O Set s = [clnnj and let 

t = max {x : there exists K2 {s, x) G F with part of size s in A} . 
Thus d {X) < t for each X G A with |X| = s, and so, 

<:)> E ''(A-)-E (3) 

\^/ XcA,\X\=s u€B\ S J 

Setting 

if a; > s - 1 
' \ if X < s - 1, 

and noting that / (x) is a convex function, we find that. 
Combining this inequality with ([3]) and rearranging, we find that 



m (m — 1) ■ ■ ■ (m — s + 1) \ m J \2. 

completing the proof. □ 

Proof of Theorem E] Let r, c, n, and the graph G satisfy the conditions of the theorem. Note first 
that for every R G K^^i {G) , 



d{R) 



n r {u) 

ueR 



> J2diu) - {r -2)n> (r -1)5{G) - {r -2)n 

ueR 



> {ir-l)[[l--)-\)-{r-2)]n>^. (4) 



Also, Fact [H] implies that 



J^r+l {G)>-—>[l--,\ — T>1- — ^ — T > 



Thus, there exists an edge uv & E (G) contained in more than n'' ^/r''"'"'' distinct (r + l)-cliques of 
G. Letting 5 = F (m) n F (f ) n V (G) , we see that 

kr-i {G [B]) > n'-^/r'+\ (5) 
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Define the set X as 



X = {R: Re KriG) and \RnB\>r-l}. 
In view of (jlj) and ([5]), we find that 

Pe-ffr-l(G[B]) 

For a set C Kr (G) and a chque R G /i'r-i (A^) let djy (R) be the number of members of 
containing R. We claim that there exists Y G X with |y| > n^/r^~^^ such that dy [R) > n/r^~^^ for 
all R G Kr-i (Y) . Indeed, set F = X and apply the following procedure: 

While there exists an R G Kr-i {Y) with dy (R) < n/r"^^^ do 
Remove from Y all r-cliques containing R. 

When the procedure stops, dy (R) > n/r"^^^ for all R G Kr-i {Y) , and 

\X\-\Y\<\Kr-i{X)\^<( ''^^^<^n^ 

implying that \Y\> /f'"'^^, as claimed. 
Since 

\Kr-i {Y)\>r \Y\ /n>rx r-'-V/n = n''-^/r''+\ 

by Fact [TOl K^-i (Y) covers a subgraph H = K^-i (m, . . . , m) with m = \r^'y'^+'^)'y'''^^) InnJ . 

Select a set A of m disjoint (r — l)-cliques in H and define a bipartite graph F with parts A 
and 5, joining i?GA to fG-B if -R + fGF. 

Let a = l/r''+® and set s = [clnnj . Since 

dy (R) > — —n > an 

for all R G Kr-i (Y) , we have e (F) > amn. Also, we find that 

1 1 1 1 , a 

s < c In n < , , Inn < — x , , — In n < —m + 1. 

— — ^(r+8)r — 2r''+8 r('"+^)(^'~^) ~ 2 

Hence, by Fact 0, if contains a (-s,!?^) with parts S C A and T C B such that l^l = s and 
|T| = t > 77,i-cin"/2_ A routine calculation shows that for r > 2, 

In a/2 = In — ^ > -r^, 

and so, t > n^~'^^^ . 

Letting H* be the subgraph of H induced by the union of the members of S, we see that 
H* = Kr-i (s, . . . , s). Note that at least (r — 2) of the parts of H* belong to B, for otherwise we 
can select an (r — l)-clique Q in H* with two vertices outside B, and so, every R e Y containing 
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Q has two vertices outside B. This is a contradiction since Y (Z X and all members of X intersect 
B in at least r — 1 vertices. 

Let i^i, . . . , Hr-i be the parts of H* , and assume by symmetry that (Z B for i = 2, . . . , r — 1. 
Remove two vertices from Hi, add u and w to Hi, and write ifj for the resulting set. Clearly 

the sets H[, H2 . ■ ■ , Hr-i, T induce a subgraph containing a ^[c In raj , . . . , [clnnj , n^"'^''^ j , 

completing the proof. □ 

Proof of Theorem [1] Let G be a graph of order n with tr (n) + 1 edges. Fact [9] implies that there 
exists an induced subgraph G' C G of order ra' > (1 — ra such that either ([T]) or ([2]) holds. 
Assume first that G' satisfies condition ([T]). Fact [7| implies that 

2 /n'^^'+' 



kr+i (G) > K+i {G') > -—- X — - X 

Ir"^ — 1) r + 1 \ r 



(r^ — 1) (r + 1) \ r^/ Vr 
2 / r + l\ 

> ^r^^^ TT-, TT X 1 — X 



2 (r^ - r - 1) /ny+i 1 

^4 (^2 _ 1) + 1) ^ (^7; > ~H-7 
Hence, by Fact [TUl G contains a -ft'r+i (s, . . . , s, t) with s = [c In raj and 

t> n > n ^ . 

Then, obviously, G contains a ([clnnJ , . . . , [clnrij , ["ra^^^J) , completing the proof. 

Finally, assume that G' satisfies condition Applying Theorem El we see that G' contains a 

[[2c\nn\ [2c Inn J 
To complete the proof, note that 

2c Inn' > 2c In (^l-4^^>21n(^l-4l+21nra> clnra 

and 



[n 



□ 



Proof of Theorem[3]Let G be a graph of order n with e (G) > (1 — 1/r — a) n^/2. Set 1^ = 1^ (G) 
e = \pla, and define the set Mg as 

M, = {m G r (G) : ci (n) < (1 - 1/r - e) ra} . 
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Assume that condition (i) fails. We shall show that: (a) IM^I < en; (h) the graph Gq = G \V\M^ 
satisfies condition (ii). 

(a) The set satisfies \M^\ < en 

Assume for a contradiction that \M^\ > en, select M' C with 

\M'\ = [en\ (6) 
and note that M' is nonempty since en = ^J2an > 1. Letting G' = G [V\M'] , we see that 



e{G) = e {G') + e (M', V\M') + e (M') < e (G") + Ed{u) 

udM' 

<e(G") + |M'|(l-l/r-e)n. 
Assume for a contradiction that 



r — 1 



e(G") > in - \M 

2r 



/|\2 



and set p = n — \M'\ . In view of dHD, we have 

p > n — en = (^^ ~ V2aJ n. 

Hence, by Theorem [H G contains a K:^ ^L2clnpJ , . . . , L2clnpJ , 



P 



l~V2c 



. Since 



2clnp > 2c In (l - V2a^ n > 2cln (^1 - n > clnn 



and 



this contradicts the assumption that (i) fails. 
Hereafter, we assume that 



From 



we obtain 



e{G')<'-^in-\M'\f 



e (G") > e (G) - Ediu)>{l- 1/r - a) n^ jl - \M'\ (1 - 1/r - e) n. 



— (n - |Af I)' > _ „j _ _ lA/'l (— - . I 

After some algebra, we find that 



or 



\M'\ > [e + - a) n = £(l + V^) 
contradicting ([6]) in view of e\Jl/2n = \plan > y/2. Therefore, iMgl < en. 
(b) The graph Gq = G [V\M^] satisfies condition (ii). 

By our choice of M^, for every u G y\Me, we have d (u) > {1 — 1/r — 6)n; thus 

5 (Go) > (1 - 1/r - e) n - |M^| > (1 - 1/r - 2^) n = (^1 - 1/r - 2V2a) n, 

and so, 6 (Go) satisfies the required condition. All that remains to prove is that Go is r-partite. 
If Go contains a Kr+i, in view of 

5 (Go) > (l - 1/^ - 2V2a) n > (l - 1/r - 1/r^) n, 

using Theorem [6] as in the proof of Theorem [1], we see that G contains a 

(^[clnnj , . . . , [clnnj , j , 

contradicting our assumption. Thus, Go is Kr+i-iiee. In view of 

6 (Go) > (1 - 1/r - 1/r^) n > (^1 - |Go| , 

the theorem of Andrasfai, Erdos and Sos [1] implies that Go is r-partite, completing the proof. □ 
We omit the proofs of Theorems [2] and HI since they are easy consequences of Theorem [1] and [31 

Concluding remark 

Finally, a word about the project mentioned in the introduction: in this project we aim to give 
wide-range results that can be used further, adding more integrity to extremal graph theory. 
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